Numerical field expressions are proposed to evaluate the electromagnetic fields due to the lightning channel with variable values of return stroke velocity. Previous calculation methods generally use an average value for the return stroke velocity along a lightning channel. The proposed method can support different velocity profiles along a lightning channel in addition to the widely used channel-base current functions and also the general form of the engineering current models directly in the time domain without the need to apply any extra conversions. Moreover, a sample of the measured lightning current is used to validate the proposed method while the velocity profile is simulated by the general velocity function. The simulated fields based on constant and variable values of velocity are compared to the corresponding measured fields. The results show that the simulated fields based on the proposed method are in good agreement with the corresponding measured fields.
Introduction
Lightning is an important natural phenomenon that can affect power lines. Induced voltages are a major effect of lightning on distribution lines that can be created by coupling between the electromagnetic fields of the lightning and the power line [1] [2] [3] [4] [5] . Therefore, the evaluation of electromagnetic fields associated with lightning is an important objective when considering lightning induced voltages and setting an appropriate protection level for power systems. Several studies have been undertaken to estimate the electromagnetic fields due to a lightning channel [6] [7] [8] [9] [10] [11] . Such studies depend on the lightning channel parameters, the geometrical parameters, channel shape, channel condition, and the ground conductivity parameters. Among the different channel parameters, the return stroke velocity is an important variable for the evaluation of lightning electromagnetic fields [10, 12, 13] , and this is usually entered into field calculations as an average value of velocities at different heights along a lightning channel, with a typical value between /3 and 2 /3 ( is speed of light in free space) [14] .
On the other hand, some experimental work has been carried out to measure the return stroke velocity at different heights along a channel where the velocity is measured as a height-dependent variable [14] [15] [16] [17] . Therefore, the variation of velocity along a lightning channel can have an effect on the values of the lightning electromagnetic fields. In this study, numerical field expressions are proposed to evaluate lightning electromagnetic fields based on a channel with variable values of return stroke velocity directly in the time domain. Likewise, the proposed method is applied to a typical current sample whereby the corresponding return stroke velocity function is used for considering the velocity profile along a lightning channel. Further, the simulated fields are compared to the corresponding fields based on a constant value of velocity and the results are discussed accordingly. The proposed method can support a wide range of velocity profiles along the channel, along with various current functions and current models directly in the time domain without the need to apply any extra conversions. The basic assumptions in this study are expressed as follows. [9] (1 − ) V MTLE (modified transmission line model with exponential decay with height) [9] exp (− ) V MTLD (modified transmission line model with current distortion) [20, 21] 
(1) The lightning channel is assumed to be vertical without any branches. (2) The ground conductivity is assumed to be infinite.
Return Stroke Current
The return stroke currents at the channel base (ground surface) and at different heights along a lightning channel can be simulated using current functions and current models, respectively. In this study, the sum of two Heidler current functions [22, 23] is used to simulate the channel-base current as expressed by the following equation: 
The general form of the engineering current models is considered in this study to cover a wide range of current models as given by (3) . Table 1 shows the constant factors of some common engineering current models, where is the cloud height, is the decay factor, and is the attenuation factor of the peak [9, 20, 21] . It should be mentioned that the MTLE (Modified Transmission Line current model with Exponential decay factor) current model was used for the simulation of electromagnetic fields; however, the proposed method can support a wide range of current models based on (3) [20, 21, 24] 
where is temporary charge height along lightning channel, ( , ) is current distribution along lightning channel at any height and any time , (0, ) is the channel-base current, ( ) is attenuation height dependent factor, V is the currentwave propagation velocity, V is upward propagating front velocity, and is Heaviside function defined as
The Return Stroke Velocity
Several studies have measured subsequent return stroke velocities and they indicate that the return stroke velocity is a height-dependent variable as expressed by a typical function of velocity profile given in (5) [17] . Table 2 illustrates the unknown variables in (5) for a number of current peaks in the range 3-30 kA
Furthermore, the velocity profiles along a lightning channel for a number of current peaks are illustrated in Figure 1 where the initial parameters are obtained from Table 2 . Figure 2 illustrates the average and maximum values of the velocities of different lightning channels based on the velocity profiles from Figure 1 . Figure 2 shows that, by increasing the current peak, the maximum value of the velocity is increased while the average velocity along the channel has an increasing trend against an increasing current peak up to 21 kA. This increasing trend can be seen again in the current peak ranges from 24 kA to 30 kA. It should be mentioned that the average values were calculated in first 500 m of channel as an effective part for the peak of electromagnetic field components. Table 2 : The parameters of return stroke velocity profile [17] . 
The Proposed Electromagnetic Field Expressions
In order to evaluate the electromagnetic fields due to a lightning channel with variable velocities along the channel, Maxwell's equations are presented in (6) to (9) as follows [8, 13, 25] : where ⃗ is the magnetic flux density, ⃗ is the magnetic field, ⃗ is the electric field, ⃗ is the current density, ⃗ is the electric flux density, and V is the free charge density.
The magnetic flux density can be expressed in terms of the vector potential ( ⃗ ) as given by the following equation [10] :
The relation between ⃗ , ⃗ and ⃗ , ⃗ can be expressed, respectively, by the following equations:
Also, (7) can be converted to (13) when (11) and (12) are substituted into (7) . By substituting (10) into (6), (6) becomes (14)
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where V is the electric scalar potential. Also, by substituting (10) into (13), the vector potential can be given by the following equations:
Therefore, (17) can be converted to the following equation:
According to Lorentz's gauge, the relation between potential vector and scalar potential can be obtained from the following equation [26] :
By substituting (19) into (18) and using free space conditions ( = 0 , = 0 ), the vector potential can be expressed by the following equation:
The solution of (20) can be obtained by considering Figure 3 where an infinitesimal current source is located in space by position → from the origin. Also, an observation point (the point at which ⃗ is to be evaluated) is located in space at point and ⃗ is a vector from the origin to the observation point.
Hence ⃗ = ⃗ − → . The infinitesimal current source can be divided into three current elements as follows:
surface current element ( ⃗ ),
where → , ⃗ , and ⃗ are the volume current, the surface current, and the line current densities, respectively. Hence, the solution of (20) will produce the following equation:
Moreover, the geometry of a lightning channel with variable velocity values along the channel is illustrated in Figure 4 . Therefore, the derivative of the potential vector can be expressed by (22) assuming that the lightning channel is perpendicular to the ground surface along the -axis
where Δℎ is the channel height step, = Δℎ, is the number of height steps along lightning channel (1, 2, . . . , max ), V is the return stroke velocity in each per unit of lightning channel,
and is speed of light in free space. By applying (22) to (10) and by using the trapezoid method, the magnetic flux density can be evaluated as follows [27, 28] :
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Furthermore, the derivative of the vertical electric field with respect to time and the vertical electric field expressions are proposed by (26) and (27) , respectively, where (24) is substituted into (13) where
, ̸ = 1.
(28)
In order to simulate the electromagnetic fields associated with a lightning channel, a sample of a measured channel-base current is simulated using the sum of two Heidler functions as shown in Figure 5 , whereas the measured current is obtained from a triggered lightning experiment. Table 3 illustrates the evaluated current parameters based on (1) [29, 30] . Figure 5 shows that the simulated current is in good agreement with the corresponding measured current. Therefore, the magnetic flux densities and the vertical electric fields based on the variable and constant values of the velocity at = 15 m are evaluated based on the proposed method and the simulated fields are compared to the corresponding measured fields as illustrated in Figures 6 and 7 , respectively. It should be noted that the constant velocity is set at the average value of the velocity along the lightning channel and the MTLE model is used for the current model. Likewise, the velocity profile for the case of variable velocity is based on (5) with the corresponding parameters that can be obtained from the 7th row of Table 2 . Figure 6 shows that the simulated magnetic flux density based on the variable values of the velocity is in better agreement with the corresponding measured field compared to the simulated field that is obtained from using a constant value for the velocity. However, this difference is not great. Moreover, the simulated vertical electric field due to the variable values of the velocity is in good agreement with the corresponding measured field as shown in Figure 7 , while the simulated vertical electric field based on a constant velocity is not closer to the corresponding measured field. In previous studies, the appropriate average velocity is set as a basic assumption so as to obtain a good agreement between the simulated field and the measured field. This value is usually selected based on trial and error because in order to determine the average velocity, the values of the velocity at different heights along a lightning channel are required and these are based on recording the velocity values at just a few points along the channel. In the present study, the average value of the velocity is obtained from the velocity function (5). The simulated / for both the constant and variable cases are demonstrated in Figure 8 which shows the peak of / due to the variable values of the velocity are lower than the similar values based on a constant velocity. This could be due to changes in the charge heights at different times along the lightning channel while the charge height values are more effective for the integration of current components along a lightning channel. Moreover, the effect of velocity changes on the values of horizontal electric field was considered as shown in Figure 9 . Figure 9 illustrates that the effect of velocity changes on the values of horizontal electric fields at closed distances with respect to lightning is not considerable. The proposed method can consider the different behaviours of the velocity along a lightning channel directly in the time domain without the need to apply any extra conversions. Likewise, the method can support different current functions and the general form of the engineering current models. Moreover, the results show that the simulated fields based on the general function of the velocity are closer to the corresponding measured fields compared to the simulated fields based on the average values of velocity, especially for a vertical electric field.
Conclusion
In this paper, general electromagnetic field expressions are proposed to consider the variation of velocity along a lightning channel directly in the time domain, while the measured values of the velocity show that the velocity is a height-dependent variable which is usually entered into field calculations as a constant value. By the simulation of the velocity behaviour along a lightning channel based on the general velocity function, the proposed method is applied to a sample of measured channel-base current from a triggered lightning experiment and the simulated fields are validated using the corresponding measured fields. The results show that the simulated fields are in good agreement with the measured fields. Likewise, the simulated electromagnetic fields based on variable values of the velocity are compared to the corresponding simulated fields based on a constant value for the velocity and the results are discussed accordingly. The proposed method can support different velocity behaviours, current functions, and the general form of the engineering current model directly in the time domain without the need to apply any extra conversions.
